As PT and CP symmetries are fundamental in physics, we establish a unified topological theory of PT and CP invariant metals and nodal superconductors, based on the mathematically rigorous KO theory. Representative models are constructed for all nontrivial topological cases in dimensions d = 1, 2, and 3, with their exotic physical meanings being elucidated in detail. Intriguingly, it is found that the topological charges of Fermi surfaces in the bulk determine an exotic direction-dependent distribution of topological subgap modes on the boundaries. Furthermore, by constructing an exact bulk-boundary correspondence, we show that the topological Fermi points of the PT and CP invariant classes can appear as gapless modes on the boundary of topological insulators with a certain type of anisotropic crystalline symmetry.
Introduction.-Since the discovery of topological insulators, rapid progress has been made in our understanding of topological band theory [1] [2] [3] . Recently, much attention has been paid to topological metals/semimetals, which are characterized by nodal band structures whose stability is guaranteed by certain symmetries and a nontrivial wave function topology [4] [5] [6] [7] . The Bloch wave functions of these gapless systems possess a nonzero topological invariant index (e.g., a Chern, winding, or Z 2 number). Thus far, several distinct types of topological semimetals have been explored, including semimetals with Dirac points [8] [9] [10] , Weyl points [11] [12] [13] , and Dirac line nodes [14] [15] [16] [17] [18] . Experimentally, these topological phases are realized in many different systems. For example, Weyl point nodes have been reported to exist in TaAs [19, 20] and NbAs [21] , while Dirac line nodes occur in Ca 3 P 2 [22] , PbTaSe 2 [23, 24] , ZrSiS [25] and carbon allotropes [26, 27] . Topological nodal phases have also been created artificially using photonic crystals [28, 29] and ultracold atoms in optical lattices [30, 31] . Moreover, nodal topological band structures can arise in superconductors with unconventional pairing symmetries [32] [33] [34] .
In exploring these nodal topological phases, several significant advances have been made recently to classify Fermi surfaces in terms of anti-unitary symmetries (e.g., time reversal and particle-hole symmetries) [6, 7, 35, 36] , as well as unitary symmetries (e.g., reflection and rotation symmetries) [37] [38] [39] [40] [41] . These pieces of work have broadened and deepened our knowledge of symmetryprotected topological materials. However, a unified topological theory of nodal phases that possess the combined symmetry of unitary with anti-unitary operations, including a comprehensive classification, is still badly awaited. In particular, the combined symmetry of timereversal T (or particle-hole C) with inversion P is of fundamental importance. Similar to particle physics, these combined symmetries play fundamental roles in many condensed matter systems, such as centrosymmetric crystal structures, superfluid 3 He [4] , and possibly some heavy fermion superconductors [42] .
In this Letter, we establish a unified theory for the topological properties of PT and CP symmetry-protected nodal band structures, based on KO theory [43] [44] [45] [46] [47] , i.e., the K theory of real vector bundles. Using the homotopy groups of KO theory, we topologically classify PT and CP invariant Fermi surfaces (Table I) . Interestingly, in this classification the same K groups appear as in the classification of strong topological insulators and superconductors (TIs and TSCs) [47] [48] [49] [50] , but in a reversed order. We construct concrete models for all topologically nontrivial Fermi surfaces in dimensions d = 1, 2, and 3, and elaborate how the topological charges of the Fermi surfaces in the bulk determine the distribution of topological subgap modes on the boundaries. Furthermore, we show that the PT and CP invariant topological Fermi points can be reinterpreted as the boundary modes of TIs/TSCs with certain anisotropic crystalline symmetries [specified in Eqs. (16) and (17)], thereby realizing an exact bulk-boundary correspondence.
Topological Fermi surfaces with PT symmetry.-Let us start by considering systems with the combined symmetry PT. When a quantum system has both T and P symmetries, the Hamiltonian density H(k) in momentum space satisfieŝ
respectively, whereT is an anti-unitary operator, T iT −1 = −i, whileP is unitary,P iP −1 = i. In this work we only require the combined symmetry A = PT for the topological stability, while perturbations breaking both T and P but preserving PT are allowed. A = PT is anti-unitary,ÂiÂ
It is important to observe that the symmetry PT operates trivially in momentum space, which motivates our arXiv:1601.07440v2 [cond-mat.mes-hall] 7 Apr 2016 classification strategy, namely: (i ) to determine the topological space of the Hamiltonians pointwisely in k space, and (ii ) to classify the topological configurations of H(k) on the d c -dimensional sphere S dc enclosing the gapless region. Here,
These two steps can be performed by use of the theory of real Clifford algebras and KO theory, respectively. The details of these mathematical derivations are given in the Supplemental Material (SM) [51] . Because of the anti-unitarity ofÂ, we treat the imaginary unit i as an operator [51, 52] , which allows us to construct a Clifford algebra with the three generatorsÂ, iÂ, and iH and the anti-commutators
Assuming that the chemical potential µ = 0, it is sufficient for our topological purpose to study flattened HamiltoniansH(k), whose band spectra are normalized such thatH 2 (k) = 1 for every point k where the spectrum is gapped. With this normalization, the squares of the above generators are given by
whereÂ 2 = (iÂ) 2 due to the anti-unitarity ofÂ. We first considerÂ 2 = +1, in which case bothÂ and iÂ are positive, generating the Clifford algebra C 0,2 , which is further extended to C 1,2 by the negative generator iH. In other words, the topological space of all PT invariant H is determined by all possible Clifford algebra extensions from C 0,2 to C 1,2 . Since the extension C 0,2 ⊂ C 1,2 is equivalent to C 0,0 ⊂ C 0,1 , the topological space is equivalent to R 0 , the zeroth classifying space of KO theory [43] [44] [45] . According to our classification strategy, we next need to classify the topological configurations of R 0 on the sphere S dc . To do so, we note that since the trivial action of PT in k space corresponds to the trivial involution of KR theory, the classification is given by KO theory, the simplest instance of KR theory. Hence, the classification of PT invariant Fermi surfaces withÂ 2 = +1 follows from the KO groups
with d c ≡ 0, 1, · · · , 7 mod 8, and KO = KO −0
, where "0" is determined by the classifying space R 0 .
Second, we considerÂ 2 = −1, in which caseÂ and iÂ generate the Clifford algebra C 2,0 , which is extended by iH to C 3,0 . From
, it follows that the topological space of Hamiltonians is given by R 4 . Thus, the classification of Fermi surfaces with Topological Fermi surfaces with CP symmetry.-Next, we look into CP symmetric Fermi surfaces (or superconducting nodes). C is implemented by an anti-unitary operatorĈ, which acts on the Hamiltonian aŝ
Accordingly, we need to consider the Clifford algebra generated byB =ĈP , H, and iB with the anti-commutators
As before, we normalize the band spectrum such that
ForB 2 = +1, one can find that the Hamiltonian space is equivalent to R 2 [51], corresponding to the Clifford algebra extension C 0,2 ⊂ C 0,3 . From this it follows that the classification is given by
with d c ≡ 0, 1, · · · , 7 mod 8. ForB 2 = −1, on the other hand, the Hamiltonian space is R 6 , corresponding to
. This leads to the classification
with d c ≡ 0, 1, · · · , 7 mod 8. This concludes the derivation of the classification, as summarized in Table I . Several comments are in order. First, note that all classifications are given by KO −q (S dc ), where q is even and denotes the index of the classifying space R q [53]. Second, in the present classification, the K groups as a function of d c appear in reverse order compared to the tenfold classification of Fermi surfaces and strong TIs/TSCs [47] . Third, if we replace d c by the spatial dimension d, KO theory yields the classification of PT and CP-invariant TIs/TSCs, since PT and CP act trivially in momentum space [50] . Note, however, that these TIs/TSCs do not exhibit any symmetry-protected surface states, since the boundary breaks PT(CP). Finally, we emphasize that the classification relies only on the combined symmetry PT(CP). Both P and T(C) may be broken individually, but the combination must be preserved, which is in contrast to previous studies of P-symmetric systems [38] . 
, with f i arbitrary functions of k, since PT merely forbids the σ 1 term. For concreteness, let us choose
with the constant R ∼ 1. H 0 exhibits two Dirac points at k = (0, ±R) with topological charges ν = ±1. The low-energy physics in the vicinity of these two gapless points is described by the Dirac-type Hamiltonian H ± = k x σ 2 ± k y σ 3 , whose stability is guaranteed by a quantized Berry phase [51, 55] . Note that H 0 has both T and P symmetries. However, the Dirac points cannot be gapped out by P and T breaking perturbations that satisfy PT, such as H = µσ 0 + (η + 1 k 2 x )σ 2 + 2 k y σ 3 . These perturbations only change the local properties of the Dirac points, e.g., position and dispersion, but do not open a full gap. We emphasize that the Z 2 Fermi points of H 0 are fundamentally different from those with Z classification in symmetry class AIII, although in both cases σ 1 terms are symmetry forbidden. To illustrate the Z 2 nature of the Fermi points, we consider a doubled version of H 0 , namely H 0 ⊗ τ 0 . It is found that there are PT-preserving perturbations, for instance mσ 1 ⊗ τ 2 , that open up a full gap. However, all of these gap opening perturbations are forbidden by chiral symmetry. Hence, the discussed Z 2 Fermi points are clearly distinct from the Z Fermi points of class AIII [6, 7, 35] . A lattice version of Eq. (12), H(k) = sin k x σ 2 + (λ − cos k y ) (|λ| < 1), will be discussed in detail later. It is also noted that H 0 can straightforwardly be extended to a 3D case with a nontrivial nodal loop [51] .
Next, we consider the caseÂ 2 = +1 with d c = 2. According to Table I , there exist in this symmetry class PT preserving Fermi points in d = 3 with a Z 2 charge. A minimal model for these Z 2 Dirac points can be constructed by rank-4 matrices. ChoosingÂ = σ 3 ⊗ τ 0K , we find that the following continuum model exhibits such a Dirac point
where τ j 's are a second set of Pauli matrices. Observe that the two independent mass matrices σ 1 ⊗ τ 3 and σ 1 ⊗ τ 1 are forbidden by PT symmetry. However, the Fermi point of the doubled Hamiltonian H D ⊗κ 0 can be gapped out by the mass terms mσ 1 ⊗ τ 1 ⊗ κ 2 and mσ 1 ⊗ τ 3 ⊗ κ 2 with κ j 's being Pauli matrices, which illustrates the Z 2 nature of the Dirac point of H D . For symmetry classÂ 2 = −1, the only nontrivial case in d = 1, 2, or 3 is d c = 0, which has a 2Z classification (Table I ). This simply corresponds to spinful free fermions. ChoosingT = iσ 2K andP = σ 0 , which yieldŝ A = iσ 2K and [T ,P ] = 0, the spinful free-fermion Hamiltonian is given by H s f ree = k 2 /2mσ 0 − µσ 0 . Note that all spin-orbit coupling terms involving σ j (j = 1, 2, 3) are excluded by PT symmetry.
Let us now turn to nodal band structures with CP symmetry. For symmetry classB 2 = (CP) 2 = +1 with d c = 0 there exist nodes with a Z 2 classification. To construct a representative model, we chooseĈ = τ 1K andP = iτ 2 , so thatB = τ 3K . Since the only Pauli matrix that anticommutes withB is τ 1 , we find that the continuum model is H(k) = kτ 1 in 1D. It is obvious that the mass terms mτ 2 and mτ 3 are forbidden by CP symmetry. To see the Z 2 nature of the Fermi point, we observe that the doubled HamiltonianH(k) = kτ 1 ⊗ σ 0 with the trivial Z 2 charge can be gapped by the CP invariant terms mτ 3 ⊗ σ 2 and mτ 2 ⊗ σ 2 . Models of these CP invariant nodes in 2D and 3D can be constructed in an analogous manner. ForB 2 = +1 and d c = 2, there is a 2Z classification. A representative model can be constructed by 4 × 4 matrices. ChoosingB = τ 3 ⊗σ 0K , the continuum Hamiltonian is given by
since there are only three mutually anti-commuting 4 × 4 matrices that also anti-commute withB. H double W exhibits a double Weyl point at k = 0 with topological charge ν = 2, which is defined in terms of a Chern number on a sphere enclosing the Weyl point [51, 56] . Despite its similar appearance, this model should be distinguished from the Dirac Hamiltonian (13) that has a vanishing Chern number. The remaining nontrivial case in physical dimensions is d c = 2 forB 2 = −1, which may be exemplified by a Weyl point [51] .
In passing, we note that the A phase of 3 He can be viewed as an example of CP symmetry protected nodal points.
3 He-A has both C and P symmetry witĥ C = iσ 2 ⊗ iτ 2K andP = τ 3 , respectively, which yields (ĈP ) 2 = −1 [4] . Thus, according to Table I the classification of the 3 He-A point nodes is of Z type with a topological charge of ±2, due to spin degeneracy. CP invariant perturbations, such as spin-orbit coupling, may split the spin degeneracy, which divides the doubly charged Weyl points into Weyl points with charge one. This is in contrast to the elementary Fermi point of Eq. (14), which has a 2Z classification.
Bulk-boundary correspondences.-The distribution of subgap states at the boundary of topological metals/semimetals is determined by the topological charges of the Fermi surfaces in the bulk. This is illustrated in Fig. 1(a) , which shows how a small sphere S 2 (or circle S 1 ) enclosing the bulk gapless region may be deformed continuously into two large S 2 's (S 1 's) in the Brillouin zone (BZ) due to the periodicity in k. By regarding these large S 2 's (S 1 's) as subsystems of the whole system, we obtain the following relation
where ν is the topological charge of the Fermi surface, and N R/L are the topological numbers on the right/left S 2 (S 1 ). Since PT (CP) acts trivially in k, all three topological indexes N R , N L , and ν belong to the same symmetry class of Table I . Therefore, Eq. (15) determines the number of subgap modes on the boundaries that are perpendicular to the subsystems S 2 R/L (S 1 R/L ). In general, there may exist several topologically charged gapless regions in the BZ, which leads to a set of equations of the form (15) that determines the distribution of the boundary modes [57] .
To illustrate the above bulk-boundary correspondence, we discuss the gapless modes on the (11) and (01) edges of the lattice model of Eq. (12) [see Fig. 1(b) ]. Consider point A on the (11) edge BZ, which can be viewed as an end point of the 1D subsystem i. Since i encloses an odd number of nontrivial Z 2 Fermi points, it has a nontrivial topological index given by the geometric phase of the Berry connection. Hence, a subgap state appears at the end point A. In contrast, no edge state appears at point B of the (01) edge BZ, since B is the end point of the subsystem ii, which encloses an even number of nontrivial Z 2 Fermi points leading to a trivial topological index. This bulk-boundary correspondence can be utilized in experiments to identify PT (CP) invariant materials. In the SM [51] we present an explicit calculation of these topological indices, confirming the above analyses [58] .
In closing, we note that by use of a bulk-boundary correspondence analysis, the topological Fermi surfaces of Table I can be interpreted as gapless boundary modes of fully gapped TIs/TSCs with certain crystalline symmetries. To demonstrate this, let us consider a gapless dD boundary of a (d + 1)D fully gapped TI/TSC. Since the gapped bulk of the TIs/TSCs provides a physical ultraviolet cutoff for the gapless boundary modes, the nontrivial topological configuration of the TIs/TSCs imprints itself on the ultraviolet behavior of the boundary modes. To make this more explicit, let us assume that the gapless boundary modes are Fermi points with codimension d c = d − 1. The topological charge of these Fermi points is determined by invariants that are defined on (d − 1)D spheres S d−1 enclosing the Fermi points. In order to establish a correspondence between the topological charge of the boundary modes and the bulk topology of the (d + 1)D TIs/TSCs, one must show that the two have the same classifications, i.e., that the two classifications are mapped onto each other by a two-dimension shift. For the strong TIs/TSCs of the tenfold way, such a two-dimension shift arises since the involution due to T or C is different for the S dc spheres enclosing the boundary modes and the bulk k space of the TIs/TSCs [35, 51, 59] . For PT and CP symmetries, however, there is no such involution difference between S dc and the bulk k space of the TIs/TSCs. Hence, the PT (CP) invariant Fermi surfaces of Table I must be related to TIs/TSCs with a symmetry different from PT (CP). Indeed, we find that the classification of Table I is related to the classification of (d + 1)D gapped band structures with the anti-unitary symmetries D = TR and E = CR, where R acts on the TIs/TSCs aŝ
and D and E restrict H T I (k, k d+1 ) aŝ
Note that R projected onto the boundary acts like an inversion symmetry in the boundary BZ. (17), which establishes the promised exact bulk-boundary correspondence. We thank A. J. Leggett for helpful discussions. This work was partially supported by the GRF of operations in momentum space: PT and PC symmetries leave k fixed, whereas T and C map k to −k. The classifications in the real Altland-Zirnbauer classes are given by the KR theory with the involution of k to −k, while the KO theory is just the simplest case of the KR theory with trivial involution. [53] In principle, symmetry classes with odd q may also be defined, which would lead to an eightfold periodicity of the classification with respect to both q and dc.
[54] For the classification Z, the topological charge is just given by the Chern number, which actually requires no symmetry.
[55] Nodal points protected by PT symmetry are also realized in two-band Hamiltonians with the symmetry operatorsÂ = σ1,0K, whose low-energy continuum description reads H2,3 = (kx − Kx)σ1 + (ky − Ky)σ2,3, where K = (K1, K2) denotes the position of the nodal point. The Hamiltonian H2 describes the two Dirac points in graphene (P = σ1,T =K), while H3 has recently been realized in the cold atom experiment of Ref. [60] , although in that work the exotic PT-invariant Z2 topology was not recognized.
[56] Note that spin-degenerate Weyl points described by HW = σ0 ⊗ τ · k, with the CP symmetry given bŷ CP = σ2 ⊗ τ2K, belong to the same symmetry class as Supplemental Material for "Unified theory of PT and CP invariant topological metals and nodal superconductors"
Real Clifford algebras
We here introduce a basic knowledge of real Clifford algebras in a causal way. The main contents in this section and the next section come from Refs. [44, 45] , which are regarded in a self-contained way for our purpose.
We assume that e j , j = 1, · · · , p + q satisfy the anticommutation relations,
where η jk is defined by the quadratic form
Although e j are mathematically abstract symbols, for our purpose we can simply regard them as a set of real matrices with the commutators above being the matrix commutators. Then the real Clifford algebra is a 2 p+q -dimensional real vector space with the basis
and the multiplication rule of two vectors are specified by the anti-commutation relations. For example, the real numbers R is isomorphic to C 0,0 , R ∼ = C 0,0 , and the complex number C ∼ = C 1,0 , where the imaginary unit i is the only generator with i 2 = −1. Let M n (R) be the algebra of n × n real matrices. Then
To see this, we introduce
which satisfy the relations
with 1 2 being the identity matrix. If we choose I and K as generators, then M 2 (R) ∼ = C 1,1 , and if we choose K and J, M 2 (R) ∼ = C 0,2 . We give our last example without proof, which is
Eight classifying spaces Given a real Clifford algebra C p,q , we may add one more positive generator to extend C p,q to C p,q+1 , which is denoted as C p,q ⊂ C p,q+1 , or a negative one corresponding to C p,q ⊂ C p+1,q . All possible extensions of C p,q ⊂ C p,q+1 or C p,q ⊂ C p+1,q for given C p,q form a topological space. As we will see, there are only eight independent such topological spaces for all one-generator extensions of Clifford algebras, and all of which can be enumerated by C 0,q ⊂ C 0,q+1 with q = 0, 1, · · · , 7. The eight spaces are called classifying spaces of the KO theory.
To see this, we need the following equivalent relations of Clifford algebras,
which, respectively, lead to the equivalence relations of the extensions of Clifford algebras,
The above three equivalence relations are sufficient to prove our conclusion about the eight independent extension spaces. Actually they are also used for several times in our main text to work out the space of the Hamiltonians under the restriction of symmetries. Our remaining task is to prove Eqs. (27) , (28) and (28) . We now prove Eq. (28) . Let β 1 , · · · , β 8 be generators of C 0,8 , and introduce = β 1 β 2 · · · β 8 , which satisfy 2 = 1 by straightforward calculation. Recalling that C 0,8 ∼ = M 16 (R), we may choose elements of C p,q ⊗ M 16 (R),
which form a complete set of generators of C p,q+8 . The other two can be proved in a similar way. In particular, we choose = IK for Eq. (27) , and = KJ for Eq. (28) .
We denote the eight classifying spaces by R q , q = 0, · · · , 7, where R q corresponds to the extension C 0,q ⊂ C 0,q+1 . Explicitly these spaces are presented in Tab.II.
Mapping complex matrices to real ones
In the main text, we treat essentially Hamiltonians as real matrices under additional restrictions. Now we justify this point. It is observed that C ∼ = C 1,0 ⊂ C 1,1 ∼ = M 2 (R), which suggests us to embed C into M 2 (R). Explicitly, since I 2 = −1 2 , we map which leads to z = x + iy −→ x1 2 + yI, defining the mapping from C to M 2 (R). This map is obvious injective, and its image set is specified by the condition,
which justifies why in the main text we treat the imaginary image i as an operator. The complex conjugate operator K is now represented in M 2 (R) by K (or J), operating as
To map a Hamiltonian H(k) to be a real matrix, we just map all its complex entries to be real matrices with the size of the matrix being doubled.
The computation of K groups
In this section, we give calculation details of the K groups in the main text. All of them are done by the KR theory, since the KO theory is just the KR theory with trivial involution in the base space. All the mathematics in this section can be found in Atiyah' original paper on the KR theory [43] . We follow Atiyah' notation that
with an involution, (x, y) −→ (−x, y), with x ∈ R p and y ∈ R q . B p,q and S p,q are, respectively, the unit solid ball and the unit (p + q − 1)-dimensional sphere in R p,q with the induced involution.
The KO groups for all the classifications of TP and CP invariant Fermi surfaces are computed as
where 'pt' denotes a point, and π 0 (R dc+q ) can be read from Tab.II.
The KR groups for the classification of the bulk topological insulators/superconductors in the bulk-boundary correspondence in the main text are computed similarly as 
Other models in the classification
The PT invariant 3D model mentioned in the main text is given by
which has both T and P symmetries, and the corresponding gapless points form a circle in the momentum space. T and P breaking but TP preserving perturbations, such as
can deform the nodal loop and shift its position, but can never gap the system.
For the case of (ĈP ) 2 =B 2 = −1 and d c = 2, we may chooseĈ = τ 1K andP = τ 3 , so thatB = iτ 2K , which anti-commutes with all three τ j . The coarse-gained model is just a Weyl point,
The computation of topological charges
In this section we provide calculation details of the topological charges in the main text.
For dD ideal fermions, H = p 2 2m − µ, we may choose a circle in the (ω, k) space to enclose the (d − 1)D Fermi surface from its transverse dimensions, then the integer topological charge is given as
where G = 1/(iω − H(k)) is the imaginary Green's function. If we parametrize the circle by φ ∈ [0, 2π), then
Restricted in the k space, the circle is just an S 0 consisting of two points separated by the Fermi surface, and the integer topological charge above may be regarded as the zeroth Chern number on the S 0 . For the coarse-gained model H(k) = k x σ x + k y σ y , we still choose an S 1 enclosing the gapless point from the gapped region. The the Hamiltonian restricted on the S 1 is h(φ) = k(cos φσ x +sin φσ y ), whose negative eigenstates are
It is noted that |−, φ is globally well defined or monotonic over the whole S 1 . Then the Z 2 topological charge is just the geometric phase accumulated around the circle under proper normalization,
Equally good eigenstates may be given by large gauge transformations, |−, φ −→ e inφ |−, φ , which increase the topological charge by 2n in accord with the Z 2 nature of the topological charge. It is also noted that the renormalized geometric phase is just the first Chern-Simons term of the Berry connection.
For the coarse-gained model H
